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ABSTRACT 

We make a detailed investigation of all spaces Qni'-n N of the form of U(l) bundles over 
arbitrary products Yl i CP ni of complex projective spaces, with arbitrary winding numbers 
qi over each factor in the base. Special cases, including Q\\ (sometimes known as T 11 ), 
Q\\i and Q21, are relevant for compactifications of type IIB and D = 11 supergravity. 
Remarkable "conspiracies" allow consistent Kaluza-Klein S 5 , S 4 and S 7 sphere reductions 
of these theories that retain all the Yang-Mills fields of the isometry group in a massless 
truncation. We prove that such conspiracies do not occur for the reductions on the Qn\..-n^, 
spaces, and that it is inconsistent to make a massless truncation in which the non-abelian 
SU[ni + 1) factors in their isometry groups are retained. In the course of proving this we 
derive many properties of the spaces QnV-'n^r °f more general utility. In particular, we show 
that they always admit Einstein metrics, and that the spaces where qi = (rij + l)/£ all 
admit two Killing spinors. We also obtain an iterative construction for real metrics on CP n , 
and construct the Killing vectors on Q*'.'.'.'" in terms of scalar eigenfunctions on CP ni . 
We derive bounds that allow us to prove that certain Killing-vector identities on spheres, 
necessary for consistent Kaluza-Klein reductions, are never satisfied on Q*r"-rw" 
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1 Introduction 



In its original form Kaluza-Klein reduction was used for the purpose of deriving a four- 
dimensional theory comprising gravity, a U(l) gauge field and a dilatonic scalar, starting 
from pure gravity in five dimensions. The extra dimension is taken to be a circle, and the 
five-dimensional metric is then assumed to be independent of the coordinate y on the circle. 
Such a truncation is consistent, and gives rise to an Einstein-Maxwell theory in D = 4, 
coupled to the dilatonic scalar field. The consistency of the truncation is assured because 
the reduction ansatz retains all the four-dimensional fields that are independent of y, while 
setting all fields that would be associated with y-dependent harmonics on S 1 to zero. In 
a similar vein, Kaluza-Klein reductions involving higher-dimensional theories compactified 
on tori can also be considered, and again consistent truncations where all fields are taken 
to be independent of the torus coordinates can be performed. 

The situation is much less clear-cut in the case where one performs a reduction on a 
curved internal manifold, such as a sphere. The new complication in such a case is that the 
harmonics on the internal space associated with the massless fields in the lower dimension 
typically now depend on the coordinates of the internal space. This causes no difficulty in a 
linearised analysis of small fluctuations around a ground-state solution (see, for example, [0, 
and references therein), but as soon as one wants to consider the full non- linear structure of 
the theory it raises the possibility of inconsistencies in a truncation to the massless sector. In 
fact this is more than a possibility; in general, there will definitely be inconsistencies. This 
makes it all the more remarkable that there exist certain exceptional cases in which a fully 
non- linear sphere reduction and truncation is completely and rigorously consistent. Many of 
the known cases involve special reductions of supergravity theories, notably involving S 7 [|j 
or S 4 II Q reductions of D = 11, the S 5 reduction of type IIB||] and a local S* 4 reduction of 
the massive type IIA theory ||. Other exceptional examples of consistent sphere reductions 
in which all the Yang-Mills gauge fields can be retained have also been found recently, for 
cases that do not necessarily have any connection with supersymmetry. These comprise the 
reduction of the low-energy limit of the bosonic string, in an arbitrary dimension D, on 
the 3-sphere or the {D — 3)-sphere, and the reduction of certain theories of gravity plus a 



dilaton and a 2-form field strength in D dimensions on a 2-sphere [10]. In all these cases, 
The consistency of the S 5 reduction to five- dimensional maximal gauged supergravity remains conjec- 
tural at this time, but strong supporting evidence has been obtained, including various explicit consistent 
reductions to subsets of the maximal supergravity J5[ [| Q , and an explicit expression for the complete metric 
reduction ansatz Hi. 
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there is no known group-theoretic proof for why the reduction should be consistent.^ 

Two approaches to proving the consistency of these supergravity sphere reductions have 
been pursued in the literature. For the S 7 [||] and S 4 ||, ||| reductions from D = 11, the 
truncations to the maximally supersymmetric gauged SO (8) and SO (5) supergravities in 
D = 4 and D = 7 have been argued to be consistent by demonstrating that consistent 
supersymmetry transformation rules in the lower dimension can be extracted from the 
original ones in D = 11. A complete and rigorous proof of consistency along these lines 
would in principle require the analysis of the supersymmetry transformation rules to all 
orders, including quartic fermion terms, and the difficulties in doing this are considerable. 
However, it seems reasonable to conclude that the already highly non-trivial success at the 
quadratic level would persist to all orders. The approach has been used for the S 7 and 
S 4 ||, U reductions, and in the latter case has allowed an explicit construction of the exact 
bosonic reduction ansatz. No analogous complete results have been obtained for the S 5 
reduction of type IIB supergravity, but it seems highly likely to be consistent also. 

The alternative approach to proving the consistency of a Kaluza-Klein reduction is a 
more direct one, in which one explicitly constructs a reduction ansatz which, when substi- 
tuted into the full set of higher-dimensional equations of motion, gives a consistent embed- 
ding provided that the lower-dimensional equations of motion are satisfied. This approach 
has been used to provide a complete proof of the consistency in several sphere reductions, 
where further truncations to subsets of the fields of the maximal massless supermultiplet 
are made. Cases that have been fully proven by this means include N = 2 gauged SU (2) 



supergravity in D = 7 by an S 4 reduction from D = 11 [11|; the N = 4 gauged SU(2) x U(l) 
supergravity in D = 5 by an S* 5 reduction from type IIB in D = 10 B; the N = 4 gauged 



50(4) supergravity by S reduction from D = 11 [12], and the N = 2 gauged SU{2) super- 
gravity in D = 6 by a local S 4 reduction from the massive type IIA theory in D = 10 ||. 
(In this last example N = 2 is in fact the largest supersymmetry for gauged supergravity 
in D = 6, even though ungauged iV = 4 supergravity exists.) In addition, the consistency 
of the truncations of the S 4 , S 5 and S 7 reductions to include gravity and all the diagonal 
scalars of the SL(5,R)/SO(5), SL(6, R)/SO(6) and SL(8, R)/ SO{8) submanifolds of the 



full scalar cosets of the maximal supergravities |l3|1 have been fully demonstrated [14]. 
It is significant that all these examples involve reductions on spheres. At the linearised 



2 A group-theoretic argument has been used in J?|, [Toj in order to prove that an n-sphere reduction of a 
theory of gravity plus dilaton plus n-form field strength that retained all the SO(n + 1) Yang-Mills fields in 
a massless truncation could not be consistent except in the exceptional cases listed above. 
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level there is no reason why one should not consider also reductions on internal spaces 
of other topologies. Examples that have been considered in the past include the Einstein 
spaces contructed as £7(1) bundles over CP 2 x S 2 and S 2 timesS 2 x S 2 , as compactifications 
of eleven-dimensionsal supergravity, and £7(1) bundles over S 2 x S 2 , as compactifications 
of type IIB supergravity. The first two examples were first discussed in detail in |l5|, |l6[| , 
where they were constructed as the coset spaces M pqr = SU(3) x SU(2) x £7(l)/(5£7(2) x 
£7(1) x £7(1) and Q pqr = SU(2) 3 /(U(1) x £7(1)) respectively, and the linearised massless 
spectra were obtained. They were subsequently reconstructed from the viewpoint of £7(1) 



bundles over CP x S and S X S X S respectively, in [19, 20], where a stability analysis 
was also given. The complete massive spectrum was obtained in a linearised analysis in 
[17, [l^, [2l], E^]. The five-dimensional example, the £7(1) bundle over S 2 x S 2 , was discussed 
from the AdS/CFT viewpoint in [^3], and in a field-theoretic context in [24]. The full 
Klauza-Klein spectrum was obtained in [p5f |, and its matching with the conformal operators 
of the dual CFT was obtained. 

Amongst the lower-dimensional massless fields that would result from reductions such 
as these will be Yang-Mills gauge bosons with gauge group given by the isometry group 
of the internal space. One may wonder whether a consistent truncation that includes the 
Yang-Mills gauge fields is possible in these more general reductions too, or whether it is a 
special feature of the spherical spaces that ensures the consistency. 

Some results on certain of these more general reductions were obtained in previous 
studies. In this paper, we shall address the question in a slightly broader context. The 
conclusions will be similar to those reached in the previous cases, namely that in general 
the reductions on non-spherical internal spaces do not allow consistent truncations to the 
massless sector, even in those exceptional and remarkable theories where consistent sphere 
reductions are possible. In fact it is much easier to demonstrate the inconsistency of an 
inconsistent truncation than to prove the consistency of a consistent one. As was discussed in 



[26], when there are inconsistencies they tend to show up in relatively easily-studied sectors 
of the theory, at the level of cubic interaction terms in the Lagrangian. In this paper we 
shall be considering a specific type of cubic interaction, namely terms that are bilinear in 
the lower-dimensional gauge fields, and that couple to lower-dimensional linearised spin-2 
fields. This sector provides a necessary condition for consistency of a truncation; in general 
it turns out that the bilinears in gauge fields can act as sources for massive as well as 
massless spin-2 excitations. If this happens, then setting the massive spin-2 fields to zero 
is inconsistent with the higher-dimensional equations of motion, and so the reduction is 
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established to be an inconsistent one. We derive this condition in section 2. 

As we shall discuss, the absence or presence of these kinds of trilinear couplings is 
governed by whether or not the Killing vectors on the internal space satisfy a certain 
quadratic identity. We shall show that although the full set of SO{n + 1) Killing vectors on 
the sphere S n do indeed satisfy the identity, implying no inconsistency in this sector, the 
full sets of Killing vectors in the case of other internal manifolds do not. In particular, we 
shall show by this means that for the 5-dimensional space Q(l, 1) (sometimes called T 11 ), 
which can be described as a £7(1) bundle over S 2 x S 2 , only the Killing vector of the £7(1) 
factor in its £7(1) x SU(2) x SU (2) isometry group satisfies the consistency condition. Thus 
in a reduction of type IIB supergravity on the Q(l, 1) space, only the £7(1) gauge field of the 
N = 2 supergravity multiplet can be consistently retained in a massless truncation, whilst 
the S£72) x SU{2) gauge fields of the matter multiplets must be set to zero. 

In order to demonstrate that the SU(2) x SU(2) Killing vectors of the Q(l, 1) space 
fail to satisfy the consistency criterion, it is helpful to obtain an explicit construction for 
them. Motivated by this, we have undertaken a rather more general investigation of the 
construction of Killing vectors in spaces of this kind. The base space S 2 x S 2 in the 
construction of Q(l, 1) as a £7(1) bundle is Kahler , and in fact in this specific case it itself 
is an Einstein space. More generally, one can consider the £7(1) bundle spaces over any 
Einstein-Kahler base space, or over a product of Einstein-Kahler spaces. Other relevant 
examples of this kind are the 7-dimensional M(3, 2) and Q(l,l,l) spaces that have been 
used in compactifications of D = 11 supergravity U, |||. These arise, respectively, as £7(1) 



bundles over CP 2 x S 2 and over S 2 x S 2 x S 2 [19, |20|. In all the cases, the curvature of the 
£7(1) connection is proportional to the sum of the Kahler forms on the factors in the base 
space. 

Intuitively, one expects that if the base space has an isometry group G, and the curvature 
of the £7(1) bundle is invariant under G, then the isometry group of the bundle space should 
be at least £7(1) x G. In section 3 we show how to make this precise, and we obtain explicit 
formulae that allow one to "lift" the Killing vectors of the base space to Killing vectors in 
the bundle space. The situation is especially nice if the base space is Einstein-Kahler , or 
else a product of Einstein-Kahler spaces, and we show how one can then express the Killing 
vectors of the base, and hence of the bundle space, in terms of certain scalar harmonics on 
the Einstein-Kahler factors in the base space. 

In section 4 we specialise the discussion to the case where the Einstein-Kahler manifolds 
Mi in the product base space M = M\X M 2 x Mjv are taken to be Mj = CP ni . We denote 
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the corresponding bundle spaces by Qntni—nu-, where qi is the winding number of the U(l) 
fibre over the factor Mj = CP Ui in the product base manifold. The three examples Q(l, 1), 
M(3, 2) and (3(1,1,1) described above are special cases within this general class, namely 
Q\\, Q21 and Q\i\ respectively. We give an explicit construction of the SU(n + 1) Killing 
vectors of CP n in terms of certain scalar harmonics. Using this construction and the results 
from section 3, we are able to lift all the Killing vectors of the product base manifold for 
Qriin2-n N into the total bundle space, thereby exhibiting its U(l) x fli SU(ni + 1) isometry 
group. 

We prove also that all the U(l) bundle spaces Qnin 2 - 9 n N admit Einstein metrics of 
positive Ricci curvature, for all possible choices of the winding numbers qi, provided only 
that they do not all vanish. In addition we show that when all the qi are given by qi = n^ + l, 
the Einstein metric admits 2 Killing spinors. 

In section 5 we make use of some of the general results from sections 3 and 4, to 
show explicitly that the Killing vectors in the SU(rii + 1) factors in spaces such Q\\, Q21 
and QiW do not satisfy the consistency criterion for the Kaluza-Klein reductions. These 
results support the suggestion, made in [27], that only the massless fields in the supergravity 
multiplet, as opposed to any massless matter multiplets, can be consistently retained in a 
Kaluza-Klein reduction using a curved internal space. Thus the reason why spheres work 
so well in Kaluza-Klein supergravity reductions is because they maximise the number of 
Killing spinors, and thus their supergravity multiplets are larger than those for any other 
choice of compactifying space. More generally, in section 5, we analyse the analogue of the 
consistency condition for bundle spaces of arbitrary dimension, and we show that always 
the Killing vectors associated with the isometries of the base manifold, when it is a product 
of two or more complex projective spaces, do not satisfy the consistency condition. Two 
appendices contain some further general results, including an iterative construction of real 
metrics on CP n , and a detailed analysis of certain bounds on integrals involving the scalar 
eigenfunctions on CP n , which are needed for the results in section 5. 



2 Consistency conditions on Killing vectors in Kaluza-Klein 
reductions 

In this section, we shall focus principally on the Kaluza-Klein reduction of type IIB su- 
pergravity on a 5-dimensional internal space Analogous results have previously been 
obtained for reductions of D = 11 supergravity pS|] , and we shall mention these briefly at 
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the end of the section. 

Since our goal will be to derive a necessary condition for the consistency of the reduction, 
with a view to showing that the condition is not in fact satisfied except in very special 
circumstances, it will be sufficient to carry out an analysis that is based on a linearised 
approximation. Thus we shall consider a situation where A4§ is an Einstein space of positive 
Ricci curvature, and we shall consider small fluctuations around the AdSs x .M5 Freund- 
Rubin background. In particular, we shall consider the Yang-Mills gauge bosons associated 
with the isometry group G of the internal space M§. 

Although we shall consider only the linearised ansatz for the gauge bosons this will 
actually enable us to consider the effects of non-linear terms in theory, and in particular to 
show that bilinears in the gauge fields will in general act as sources for massive spin-2 fields. 
The reason why we can use a linearised ansatz for this purpose is that gauge invariance 
ensures that there can be no additional contributions from a full non-linear reduction ansatz 
that could "help out" and resolve the consistency problems that we shall be able to reveal. 
Thus, since our goal is only to prove inconsistency, not consistency, the analysis presented 
here will be sufficient .0 

The fields of the type IIB theory that are relevant for this discussion are the metric tensor 
Gmn and the self-dual 5- form field strength H§, which we may write as H$ = G5 + *G$. 
The type IIB equations of motion for these fields are then 

Rain = —H m pqrsH n pqrs , 
dH 5 = d*H 5 = 0. (2.1) 

The Freund- Rubin AdSs x A4$ ground-state solution is then obtained by setting G5 = 4m £5, 
where €5 is the spacetime volume form and m is a constant. The equations of motion are 
then satisfied if the Ricci tensors in the five-dimensional spacetime and the internal space 
M.5 satisfy 

Rfiu = -4m 2 g^y , and R mn = Am 2 g mn (2.2) 
3 Note that we shall ignore the contributions of other five-dimensional fields, including the scalar fields, in 
this discussion. Truncating out these fields, while keeping the Yang-Mills gauge fields, is itself an inconsistent 
procedure, since the Yang-Mills fields would in principle act as sources for them. The point is, though, that 
these are quite distinct and separate inconsistencies, which would show up in different sectors of the theory. 
By focusing, as we shall, on the five-dimensional spacetime components of the ten-dimensional Einstein 
equation we shall be able to isolate a particular inconsistency that is independent of the neglect of the other 
fields. In other words, including the other fields in the ansatz would not help to resolve the inconsistency 
that we shall exhibit. 
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respectively. Thus we may take the spacetime metric to be AdSs with cosmological constant 
—4m 2 , and A4§ to be any 5-dimensional Einstein space with positive cosmological constant^ 
4m 2 . 

We may now consider the contributions of the five-dimensional Yang-Mills gauged bosons 
in the ansatze for the ten-dimensional metric and 5-form field strength, at the leading-order 
linearised level. For the metric, this will be 

ds 2 = e Q eV/? + (e a - K Ia A L ){e b - K Jb A J ) 5 ab , (2.3) 

where e a = e a (x) is the vielbein in the d = 5 spacetime, e a = e a (y) is the vielbein in the 
internal space, K Ia = K Ia (y) = K Im (y) e m a (y) are the orthonormal components of the 
Killing vectors which generate the isometry group G of the internal space .M5, and A 1 = 
A (x) = e a (x)A I a (x) are the Yang- Mills vector potentials of the Kaluza-Klein reduction. 
The Killing vectors satisfy 

[K I ,K J ]=f IJ K K K , (2.4) 

where f IJ x are the structure constants of G. The Yang-Mills field strengths F = ^F^e a A 
are given by 

F 1 = dA ! + \f IJK A J AA K '. (2.5) 
In an orthonormal basis e A for ds 2 we find that the Ricci tensor given by 

Rap = Rap — \K Ia K' J aF 1 al F J p 1 , 

Rab = Rab + ^K I a K J b F I af3 F Ja f } , 

Rab = Rba = ~ \K I h {DpF I a ) , (2.6) 

where Z? 7 is the Yang-Mills gauge-covariant derivative, 

D^F 1 ^ = V 7 F 1 a p + f IJK A 1 1 F K a p. (2.7) 

The curvature scalar is 

R = R {5) + R(M) ~ \k> a K Ja F l ' a pF Ja » \ (2.8) 

where R(g\ and R(m) are the curvature scalars in spacetime and the internal space M 
respectively. 

4 We shall adopt the convention throughout this paper of referring to the constant of proportionality 
A in the relation R a b = A g a b on an Einstein space as the cosmological constant. It sometimes differs 
by a dimension-dependent factor from other terminologies in the literature, but this one has the merit of 
simplicity. 
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The gauge fields also enter in the linearised ansatz for the 5- form field strength [29|, as 
follows: 

G 5 =4me 5 - — * F 1 AdK 1 . (2.9) 
m 

Substituting (p.6[), ( |2.8| ) and ( |2.9| ) into ( |2.1| ) we find that the five-dimensional spacetime 
components of the ten-dimensional Einstein equation in (|2.l| ) are given by 

iV - 5^(^(5) + R(M)) = h( F ^P FJ ' ~ ]g^F I ap F jap ) Y IJ , (2.10) 



where 



Y IJ = Y{K\ K J ) = K I m K Jm + -I_V m i^ n V m K Jn . (2.11) 

2m z 



The possibility of an inconsistency in the Kaluza-Klein reduction becomes apparent 
from equation ( |2.10D . The left-hand side is independent of the coordinates y on the internal 
space while the right-hand side is in general y-dependent, since the Killing appearing 
in Y IJ are in general y-dependent. If the right-hand side does have y-dependence then this 
is an indication that the assumption that only the massless spin-2 field (the five-dimensional 
spacetime metric) could be retained in the truncation is an invalid one. One can interpret 
any y-dependence on the right-hand side as indicating that there are bilinear terms, built 
from the Yang-Mills field strengths, that would act as sources for massive spin-2 fields. 
Thus it would be inconsistent to make a truncation where the massless gauge bosons are 
retained, while the massive spin-2 fields are set to zero. 

By contrast, this inconsistency problem would be evaded if the quantity Yjj defined in 



(|2.1l[) happened to be independent of y. In such a case one could, by taking appropriate 
linear combinations of the Killing vectors, arrange that 

Y IJ = PS IJ , (2.12) 

where (3 is a constant. In this circumstance, ( |2.10| ) would become precisely the desired 
five-dimensional Einstein equation, with the right-hand side being the energy-momentum 
tensor of the Yang- Mills fields. 

Remarkably, all the Killing vectors on the round 5-sphere do satisfy the condition ( p. 12 ), 
thus providing strong evidence for the probable consistency of the S 5 reduction of type IIB 
supergravity. On the other hand, it seems that for any other Einstein space A4$ with 
positive cosmological constant, the Killing vectors do not in general satisfy the condition 



( 2.12 ), and thus in these cases a consistent massless truncation in which all the Yang-Mills 
gauge bosons are retained is not possible. 



9 



Note that there is an analogous criterion for the consistency of reductions of D = 11 
supergravity. This was derived for compactifications on seven-dimensional Einstein spaces 



in [28 1, and takes the identical form (2.11) where the Ricci tensor on the internal seven- 
dimensional space is given by R m n = 6m 2 g mn . Similarly, the analogous consistency condi- 
tion will arise for reductions of D = 11 supergravity on four-dimensional internal spaces, 
and indeed for any of the cases where consistent sphere reductions are known to be possi- 



ble. A detailed enumeration of these cases is given in [10]. In fact in general one can show 
that for any round sphere S n with R mn = (n — 1) m 2 g mn , the condition ( |2.12| ) is satisfied 
by all the SO(n + 1) Killing vectors. (This does not necessarily mean that a consistnet 
Kaluza-Klein reduction on S n is possible, though.) 

It is worth pausing here to emphasise that although we have derived the consistency 
condition that ( |2.11| ) must be constant by means of a consideration only of the linearised 
ansatz for the Kaluza-Klein reduction of the gauged fields, the result is a completely general 
one. The reason for this is discussed in detail in p6|| ). The crucial point is the following. If 
(2.11) is y-dependent, this shows that in a complete Kaluza-Klein reduction in which all the 
massive as well as massless fields were retained, there would be trilinear couplings involving 
one power of a heavy spin-2 field, say H J,, coupling to the bilinear source term quadratic 
in gauge fields F^ p on the right-hand side of ( 2.10 ): 

£ int = H IJ ^ (F\ p F JP v - -^F 1 cp F J ° p ) . (2.13) 

Now, the masses of all the lower-dimensional massive fields are acquired through a Higgs 
mechanism, and so it follows that the original gauge invar iances must remain unbroken. In 
consequence, the lower-dimensional massive spin-2 field Hl£ must have a gauge invariance, 



implying that the source-current that couples to it must be conserved [26]. Indeed, from 
an order-by-order analysis it follows that the bilinear current must be conserved by virtue 
of the free field equations. The bilinear current 

{F\ P F JP V - \g^ ap F^) (2.14) 

appearing in ( 2.13| ) is the unique one with this property, and so it is not possible for it 
to receive any corrections as a result of including higher-order non-linear terms in the 
reduction ansatz. Thus there is no possibility that the inconsistency we are highlighting 
could "disappear" in a more complete higher-order analysis. If the quantity ( 2.11| ) turns 
out to be y-dependent, then no consistent Kaluza-Klein reduction in which the associated 
gauge fields are retained is possible. 
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In order to proceed with our discussion, it is now necessary to study in detail the Killing 
vectors on the internal space. We shall give a rather general discussion, which encompasses 
many of the compactifications of type IIB supergravity and eleven-dimensional supergravity 
as special cases. Later, in section 5, we shall apply these results to study the consistency 
of the Kaluza-Klein reductions. 

3 Construction of Killing vectors on the internal space 
3.1 Killing vectors on U(l) bundles 

Consider a Z)-dimensional manifold with a group G of isometries. Suppose that there exists 
a U{\) connection on M whose curvature is invariant under the isometry group G. One 
then expects that the natural metric on the (D + l)-dimensional bundle space with U(l) 
fibers corresponding to this G-invariant U{\) connection should contain G x U(l) in its 
isometry group .0 

To see that this is indeed the case, suppose that the metric on the base manifold is ds 2 , 
and that the invariant C/(l) connection is A. The natural metric on the (n + l)-dimensional 
bundle space is then taken to be 

ds 2 = c 2 (dz- Af + ds 2 , (3.1) 

where c is a constant, and z is the coordinate on the U{\) fibre. (From this point on, we 
adopt the convention that quantities with hats refer to the total bundle space M, while 
quantities without hats refer to the base space M. We shall use indices m,n, . . . in the total 
bundle space M, and indices a,b, ... in the base space M.) In the obvious orthonormal 
frame, the Riemann tensor for ds 2 has components 

Robed = Rabcd ~ \<? (F ac Fbd ~ F a d Fb c + 2F ab F cd ) , 

Rzazb = jC 2 F a C F}y C , (3.2) 
Rabcz — 1 c Fab > 

where R a bcd is the Riemann tensor of the metric ds 2 on the base manifold. 

5 Generically, this will be the full isometry group of the bundle space, but in special cases it could be a 
larger group containing G x (7(1) as a subgroup. An example is when the base manifold is CP n , and the 
bundle space is the sphere S 2n+1 . If the length of the (7(1) fibres is chosen so as to give the "round" sphere, 
then the generic SU(n + 1) x U(l) isometry group in the bundle enlarges to SO(2n + 2). 
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From ( |3.2|) it follows that the components of the Ricci tensor for ds are 

Rab — Rab 2*" ^ac j 

Rzz = \c 2 F ab F ab , (3.3) 

Raz — 2 ^ ^ -^*a& ! 

where i? a b is the Ricci tensor on the base manifold. 

We now make the following ansatz in order to lift a Killing vector K on the base manifold 
M to a Killing vector K on the total bundle space M: 

K = K + hd z , (3.4) 

where h is a function to be determined. By substituting our ansatz (3.4) into the Killing 



equation of the bundle space: 

V m K n + V„ K m = , (3.5) 

we find that K is a Killing vector on the bundle space provided that h satisfies the following 
two equations: 

d a h = C K A a , (3.6) 
8 z h = 0, (3.7) 

where Ck A a is the Lie derivative, defined by 

C K A a = K b d b A a + A b d a K b = K b V b A a + A b V a K b . (3.8) 

Equation ( |3.6| ) can be rewritten in terms of the field strength F = dA as 

d a h = K b F ba + d a (K b A b ). (3.9) 



It is easy to see that the two equations (|3.9| ) and (p.T|) always admit a solution, provided 



that F is invariant under the action of the Killing symmetry generated by K. Clearly (3.7) 



is nothing more than the statement that h is independent of the fibre coordinate z. The 



integr ability condition for solving (3.S) for h is that the right-hand side should be expressible 
as the gradient of a scalar. Since the second term is already a gradient, this means that we 
must just show that V c {K b F ba ) — V a (K b F bc ) = 0. Calculating this expression, we find 

V c (K b F ba ) - V a (K b F bc ) = -K b V b F ac - F ab V c K b - F bc V a K b , (3.10) 

which is nothing but the Lie derivative Ck F ca . This vanishes precisely by virtue of the 
assumption that F is invariant under the Killing symmetry. 
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The above argument establishes that every Killing vector on the base manifold lifts to 
one in the total bundle space. In addition to these Killing vectors of the isometry group 
G of the base manifold, there will also be the U(l) Killing vector d/dz on the U(\) fibres. 
Thus the isometry group of the total bundle space will be at least G x U(l). 

We are interested in obtaining an explicit construction of the Killing vectors in certain 
Einstein spaces that can be used for Kaluza-Klein reduction, in order to test the consistency 
as described in section 2. In all the examples that we shall consider, the Einstein space can 
be constructed as a U(l) bundle over a Kahler base manifold. More specifically, in all cases 
of interest this Kahler space will itself be a direct product of Einstein-Kahler spaces. The 
additional structure of the Kahler spaces allows us to obtain more explicit constructions for 
the Killing vectors in the bundle space. 

3.2 Killing vectors on Kahler spaces and their U(l) bundle spaces 

We begin with a review of some basic properties of Killing vectors and Kahler spaces. 
Consider a compact Kahler manifold M equipped with a positive definite metric g ab , and 
a Kahler form J ab . We are interested in the case where M has continuous isometries, and 
hence admits Killing vectors. It follows from the defining equation V a K b + K a = for 
a Killing vector that 

UK a + R ab K b = 0. (3.11) 
Multiplying by K a , integrating over M, and integrating by parts, gives 

/ (-\V a K b \ 2 + R ab K a K b )=0, (3.12) 

JM 

where |V a if&| 2 means (V a K b )(V a K b ). The metric is positive-definite, and so from ( p. 12 ) 
we deduce that for Killing vectors to exist, there must be appropriate non-negative con- 
tributions from the Ricci-tensor term. In fact we are interested in the case where R ab is 
positive definite. 

Another consequence that follows from the positivity of the Ricci tensor is that the first 
Betti number b\ of the Kahler space must be zero. This follows from an argument precisely 
paralleling the one above concerned with the possibility of the existence of Killing vectors. 
A harmonic 1-form H a satisfies the equation — □ H a + R ab H b = 0. By multiplying by H a , 
integrating over M, and integrating by parts on the first term, we see that there can be 
no harmonic 1-forms if the Ricci tensor is positive definite. Since we shall be considering 
spaces that have strictly positive-definite Ricci tensors, it follows that they will have b\ = 0, 
and admit no harmonic 1-forms. 
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Consider now the vector V a , constructed from the Killing vector K a as follows: 

V a = J a b K b . (3.13) 

Our first goal will be to show that V a can be written as the gradient of a scalar function. 
To prove this, define 

Qab = V a V b - V b V a . (3.14) 

It follows that 

\Q ab \ 2 = (v a v b -v b v a )(v a v b -v b v a ), 

= 2(V a K b )(V a K b )-2J ad J cb (V a K b )(V c K d ). (3.15) 
Integrating this over M, and integrating by parts on each term, we obtain 
/ \Qab\ 2 = -2 I K a UK a + 2( J ad J cb K b X7 a X7 c K d , 

JM JM JM 



-2 [ K a DK a + 2[ J ad J cb K b R e acd K e , 

JM JM 

-2 [ K a {UK a + R ab K b ), 

JM 



I M 

= 0, (3.16) 

where we have used the standard Killing- vector identity V a V c K d = R e a cd K e in reaching 
the second line, and the standard Kahler identity R a bcd = Jc e J J Rabef i n reaching the third 
line. The final result follows from using ( |3.11 ). Thus we conclude that Q ab = 0, and hence 



that V a , viewed as a 1-form, is closed; dV = 0. Locally, therefore, we can write V = —dip. 
As we discussed previously, we shall be interested in Kahler spaces with positive-definite 
Ricci tensor, and such spaces have vanishing first Betti number. Since there are no harmonic 
1-forms in such spaces, it follows that dV = can be solved globally by writing V = —dip. 
In other words, we have the result that on a Kahler space with vanishing first Betti number, 
any Killing vector can be written as 

K a = J ab 8 b iP, (3.17) 

for some scalar tjj. 

This scalar ip has a clear interpretation if we impose that our Kahler space is also an 
Einstein space, R ab = Ag ab , where A is the "cosmological constant" on M. Then ( p. 11 ) 
reduces to 

□i^ + A^ a = 0. (3.18) 
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It is now straightforward to see, by substituting ( 3.17] ) into ( 3,18 ), that this scalar field is 



actually an eigenfunction of the Laplacian on M, —Oip = A ip, with 

Dip + 2Aip = 0. (3.19) 

Moreover, the implication goes in the other direction as well. In other words, if ip is an 
eigenfunction of the scalar Laplacian, satisfying ( 3.19 ), then K a defined by fl3,17|) is a Killing 



vector. To see this, we define P ab = V a K b + V b K a . Substituting fl3.17|) into this, writing 
/ |-P| 2 , and then performing appropriate integrations by parts, we find that 

/ \P ab \ 2 = 2(A - 2A) f |V a Vf • (3.20) 

JM JM 

(Again, standard results from Kahler geometry are needed in intermediate steps.) Thus if 
the scalar eigenfunction ip has eigenvalue A = 2A, it follows that P ab = and hence that 



K a constructed as in ( 3.17 ) is a Killing vector. 

Thus we see that there is a one-to-one correspondence between Killing vectors, and 
scalar eigenfunctions with eigenvalue A = 2A, where A is the cosmological constant of the 
Einstein-Kahler space. 



Using flU7D , we can now obtain explicit expressions for the Killing vectors on the space 



of the U(l) bundle over an Einstein-Kahler base space, where the curvature of the U(l) 
connection is taken to be proportional to the Kahler form. Taking the Einstein-Kahler 
base metric to have cosmological constant A as above, and taking the field strength of the 
connection A on the U(l) bundle to be F = a J, where a is a constant, it follows from ( |3.3[ ) 
that the Ricci tensor on the bundle space will be given by 

R ab = {k-\c 2 a 2 )5 ab) R zz = \c 2 a 2 D, R az =0, (3.21) 

where D is the dimension of the base manifold. In particular, the metric on the U(l) bundle 
becomes Einstein if a is chosen such that 

A = \c 2 a 2 (D + 2) . (3.22) 

Substituting fljU7D into (gjD, 

we now obtain the result that 

d a h = d a (aiP + K b A b ), (3.23) 

which can be integrated to give h = a if) + K b A b . Thus for each Killing vector K on the 
Einstein-Kahler base space, with its associated scalar ip as given in ( 3.17f) , the corresponding 
Killing vector in the U(l) bundle space is 

K = K + (a%b + K b A b )-^-. (3.24) 

oz 

15 



It is worth noting at this stage that there is an elegant expression for the Killing vector 
K, viewed as a 1-form by lowering its vector index using the metric ( |3.1|) on the bundle 
space. After doing this, we find that as a 1-form we have 

K = -i(d-d)ip + ac 2 ip(dz-A), (3.25) 

where d and d are the holomorphic and anti-holomorphic exterior derivatives; d = d + d = 
dC a d a + dCd Bl . 

Note that in the case of an Einstein-Kahler base space we can easily express ip in terms 
of the Killing vector K a , since from ( 3.17| ) we have J ab d a Ki, = —Oif), and hence from 



(3.19) we shall have 



^ = ^J ab d a K b . (3.26) 

3.3 Killing vectors on a product of Kahler spaces and their U(l) bundles 

In subsequent sections, we shall be interested in constructing Killing vectors on Z7(l) bundles 
over products of 2-spheres and more generally complex projective spaces CP n . These are 
are particular examples of Einstein-Kahler spaces. In this section, we shall give results for 
the construction of Killing vectors on U(l) bundles over the direct product of N Einstein- 
Kahler spaces Mi, of real dimensions di, i.e. M = Mi x M2 x • • • x Mj\r, with total real 
dimension 

JV 

D = Y,di- (3.27) 
i=i 

The metric on the bundle space will be given by 

N 

ds 2 = c 2 (dz -A) 2 + J2 ds 2 , (3.28) 
i=i 

where dsf is the Einstein-Kahler metric on the factor Mi in the base space, with cosmological 
constant Aj. The total connection A is equal to the sum of contributions from each factor, 
A = J2iA®. 

Since the base space is a direct product, we can choose the natural block-diagonal basis 
for its Killing vectors, where there is no mixing between the isometries of each factor in 
the product. Thus if is a Killing vector on Mi then it is also a Killing vector on M, 
and vice versa. If we use dj to denote a coordinate index on Mj, then this result follows by 
combining the Killing equation V Qi + V& 4 K ai = on Mi, with the fact that the 
are covariantly constant with respect to . for j ^ i. 
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This fact allows us to use the results of the previous section to express any of these 
Killing vectors K® on M as 

where if)® is the corresponding scalar eigenfunction of the Laplacian on Mj with eigenvalue 
2Aj, and J ai b { are the components of the Kahler form on Mj. From the results in the 
previous section, it then follows that the corresponding Killing vector in the bundle space 
will be 

K® = K® + (en V> W + K b * A bi )-^-, (3.30) 

where A ai is the contribution to A from the factor Mj in the base space, A = ^A®, and 
we are taking 

F = dA = oh J {i) , (3-31) 

i 

where J® is the Kahler form on Mj. 

We may again obtain an elegant expression for the Killing vector viewed as a 1-form, 
generalising ( |3.25| ): 

K® = -\{3- d) iP® + on c 2 iP® {dz - A) . (3.32) 

The period Az of the fibre coordinate z must be compatible with the integrals of F over 
all 2-cycles in the base manifold. Specifically, we must have 

Az = — [ F, (3.33) 

where qk is an integer and is any 2-cycle in the base space. We are taking each factor Mj 
in the base space to be Einstein-Kahler , with cosmological constant Aj, and so it follows 
that the Ricci form P® in Mj is given by P® = Aj J®, Since l/(2vr) pW defines the first 
Chern class of Mj, it follows that l/(2-/r) f P" = integer, where the integral is taken over 
any 2-cycle in Mj, whilst the integral will be zero for any 2-cycle in Mj with j ^ i. If we 
define ki to be the greatest common divisor of the integers obtained by integrating PW over 
all possible 2-cycles in Mj, then it follows from ( |3.33 ) that z must have a period such that 

Az = , (3.34) 

for all i, where the qi are integers. Thus we must have 

frAj<?j 

on = — — , (3.35) 

where b is related to the period Az by b = Az/(2n), and it is a constant independent of i. 
Since we have also included the constant c in fl3.1|), we are free to choose b at will, to give z 
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a convenient period. The integers qi can be thought of as the winding numbers of the U(l) 
bundle over each factor Mj in the product base manifold. 

Note that it one wants the total U(l) bundle space to be Einstein, with cosmological 
constant A, then it follows from ( |3.3|) that we must have 



A 
A 



A 4 - 



12 2 

2 C ; 



for all i , 



(3.36) 
(3.37) 



where di is the dimension of the manifold Mj, and «j is given by ( |3T3p . To solve these 
equations, one can view A and the winding numbers % as freely-specifiable quantities, with 
the N equations ( |3,36| ) then being solved for the individual cosmological constants Aj of the 



factors in the base space, and (3.37) being solved for the scale factor c in fibre direction of 
the metric ( |3.28| ) on the bundle space. As we shall now show, one can always solve these 
equations for the A, and c, for any choice of the integers gj, provided that they are not all 
zero]^| 

To see this, we substitute ( |3.35| ) into ( 3.36 ), and note that for each i the equation allows 
a real solution for Aj only if 



~ 2A 



Summing over i, and using ( 3.37 ) then gives 

i 

On the other hand, combining ( [3.36 ) and ( 3.37|) we have 



A 



1 



D + 2 



Combining fl3.39Q and (g~40|) then gives the result 

(D + 2) 2 d i A l -8j2 di d i Ai A i - ' 



(3.38) 



(3.39) 



(3.40) 



(3.41) 



This is the criterion for the existence of a real Einstein space. Since it is just a quadratic 
form in Aj, it can be expressed as the condition that the N x N matrix Mjj, defined by 



Mu = {D + 2) di 5, 



8di dj , 



(3.42) 

6 If some of the qi are zero, we can just separate off the corresponding Einstein spaces Mi in the base 
space, and prove the existence of an Einstein metric on the bundle over the remaining base-space factors for 
which all the qi are non-zero. The product of this bundle space with the Einstein spaces associated with the 
qi — factors can clearly be made Einstein, by appropriate choice of the Ai. If all the qi were zero the U(l) 
bundle would be trivial and the total (D + 1) -dimensional space would be S 1 x M, which clearly cannot be 
Einstein since the factors in the base space M are assumed to have strictly-positive cosmological constants. 
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must have non-negative eigenvalues. 

To show this, we first note that the matrix My- has determinant given by 

det(My) = (D - 2) 2 (D + 2) 2N ~ 2 J] * , (3.43) 

i 

which is strictly positive, since we may always assume D > 2{] 

Secondly, we note that if the dimensions di are all taken to be equal, di = d, then the 
eigenvalues of My are {D + 2) 2 <i (occurring AT — 1 times) and (D — 2) 2 d (occurring once). 
Thus in this special case all the eigenvalues of My are strictly positive. If My were to have 
any negative values for any valid choice of the di, it would have to be the case that det(My) 
passed through as the parameters di were adjusted from di = d to these putative values of 



di. However, we saw from ( 3.43 ) that the determinant is strictly positive, and so it follows 
that Mij cannot have negative eigenvalues for any valid choice of di. Thus it is guaranteed 
that the inequality ( |3.41| ) is satisfied, and so a real solution to the conditions ( |3.36D and 



(|3.37|) always exists. 

Although we have given an existence proof for an Einstein metric on the bundle spaces 
for any choice of the winding numbers qi, it is not in general easy to solve explicitly for the 
cosmological constants Aj of the individual factors in the base space. (In general, one has to 
solve high-order polynomial equations.) However, a simple solution of ( |3.36 ) and ( 3.37| ) can 
always be explicitly obtained in the special case where we choose the winding numbers qi to 
be such that % = ki/£, where t = gcd (fcj) is the greatest common divisor of the hi. In this 
case, from ( |3.36| ) we see that this set of N equations, labelled by i, all become equivalent. 
Therefore, defining A = Aj and a = c*i, we have 

D + 2 * 

A = -j±_A , (3.44) 

and 

c 2 a 2 = -^A, (3.45) 

where D is the total dimension of the base manifold. Combining ( 3.35| ) and ( |3.45| ) it follows 
that the parameters of the metric satisfy the relation 

4/ 2 

A fr2 c 2 = J^_ (3 46) 

D + 2 v ' 

Note that since in this special case we have all the Aj equal, the product of Einstein-Kahler 

base spaces is itself an Einstein space. This situation with % = ki/l will be seen to be of 
7 The case where the total dimension D of the base space is equal to 2 can easily be disposed of in a 
separate discussion. The only possibility would be for the base space to be S 2 , and we already know that 
the U(l) bundle over this is S 3 , which admits an Einstein metric. 
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particular significance in the next section, when we take the factors in the product base space 
all to be complex projective spaces. It turns out that the Einstein spaces with qi = ki/l 
then all admit 2 Killing spinors. 



4 Products of CP 11 spaces, and their U(l) bundles 
4.1 Geometry of CP n , and its Killing vectors 

We begin by reviewing the Fubini-Study construction of the Einstein-Kahler metric on CP n . 
Let Z A be complex coordinates on C n+1 , with the flat metric 

ds 2 2n+2 = dZ A dZ A . (4.1) 

We shall split the index A into A = (0, a), where 1 < a < n, and introduce inhomogeneous 
coordinates £ a = Z a /Z°, in the patch where Z° ^ 0. We make the further definitions 



Z° = e iT \Z°\, r = ^/Z A Z A , f = 1 + ( a C ■ (4.2) 
Substituting into ( f4.1| ), we find that the flat metric on C n+1 becomes 

ds 2 2n+2 = dr 2 + r 2 dQl n+1 , (4.3) 
where dfl 2n+ i is the metric on the unit sphere 5 2n+1 , given by 

dtt 2 n+1 = {dr + B) 2 + f- 1 d( a dC - f~ 2 C C 13 d( a d(P , (4.4) 

where 

B = ii/- 1 (C a dC a -C a dC a )- ( 4 - 5 ) 

The metric Q4.4|) is the unit S 2n+1 described as a U(l) bundle over CP n , and the last two 
terms are precisely the Fubini-Study metric cE 2 on CP n : 

dYi = r 1 dc dc - r 2 c c 3 dc ^ , (4.6) 

and so 

dn 2 2n+1 = (dT + B) 2 + dZ 2 n . (4.7) 
The quantity B defined in ( |4.5| ) is a potential for the Kahler form, with 

J = dB = if- 1 dC, a A dC + i r 2 C C' 3 d( a A dC? , (4.8) 
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which is the Kahler form. This can be written as J = i g a p dQ a A d^, where the metric g a p 
and its inverse g a @ are given by 

9 a - P = \r l s a p - \r 2 c c 13 , g aB = 2/ + 2/ c c 13 . (4.9) 



The Fubini-Study metric (4.6) is Einstein, with cosmological constant 

A = 2(n + 1). (4.10) 



We shall refer to the Fubini-Study metric ( [1.6] ) with this specific normalisation for the 
cosmological constant as the "unit CP n metric," since it is the one that corresponds to the 
Hopf fibration of the unit (2n + l)-sphere. Note that CP n has the isometry group SU(n+l), 



which can be seen from the fact that the metric (4.1) and the coordinate r are both invariant 
under SU(n +1), acting by matrix multiplication on the column vector Z A . 

Since we eventually want to be able to construct Killing vectors on £7(1) bundles over 
products of CP n spaces, we need to find the eigenfunctions of the scalar Laplacian on 
CP n with eigenvalue 2A, as discussed in section (3.2). In fact the construction of all scalar 
eigenfunctions on CP n is very simple. Let Ta 1 -a v Bi Bq be a constant Hermitean SU(n+X) 
tensor, which is symmetric in the index set {A\, . . . , A p } and the index set {B\, . . . , B q }, 
and traceless in any contraction between an A and a B index. This defines the (p, q) 
representation of SU(n + 1). Clearly the scalar function 

$ = T Al ... Ap B i- B « Z Al • • • Z A ? Z Bl --- Z Bq (4.11) 

is a zero mode of the Laplacian on C n+1 : 

where we can write this Laplacian in terms of r and the Laplacian on the unit S 2n+1 as 

= ^ * = ^TT ( r2n+1 + h Us2n+1 * • (413) 
Note that $ can be written as 

$ = r P+9 e i(p-g)r^ ) ( 414 ) 

where ^/ depends only on the inhomogeneous CP n coordinates C, a . 

It is straightforward to show from (|4.7| ) that the components of the sphere metric qab 
and the CP n metric g a b are related by 

dab = dab + B a B b , g aT = B a , g TT = 1 , 

9 ab =g a \ g aT = ~B a , g TT = l + B a B\ (4.15) 
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where B a = g ab B b . Fr om this it is easily seen that the scalar Laplacian on S 2n+1 is given 
by 

n s ^ = (v a -B a -) +— 2 . (4.16) 
Substituting ( |4.14| ) into (4.13) and ( |4.16 ), we therefore find that is an eigenfunction on 



CP n , satisfying 

-V a V a V = 2[2pq +n{p + q)]y, (4.17) 

where T> a = V a — i (p — q) B a . This is the Laplacian for scalar fields of charge {p — q), in 
the (p, 0, 0, . . . , 0, q) representation of SU(n + 1). The uncharged scalars therefore occur in 
the (p, 0, 0, . . . , 0, p) representations, with eigenvalues A = Ap (p + n). 

In section (3.2) the Killing vectors on an Einstein-Kahler space were constructed in 
terms of uncharged scalar eigenfunctions with eigenvalue 2 A. On CP n , the appropriate 



eigenfunctions are the ones with (p, q) = (1, 1), since, as can be seen from (4.17), they have 
eigenvalue 4(n + 1), which, from ( |4.10| ), is 2A. They are indeed in the adjoint representation 
of SU(n + 1), as should be since they are supposed to be in one-to-one correspondence with 
the Killing vectors of CP n . 

Thus we see that the scalars ip that generate the Killing vectors on CP n are given by 

^ = ^T A B Z A Z B , (4.18) 

where T A B is an arbitrary Hermitean traceless tensor. From the previous definitions, it has 
the following expression in terms of the inhomogeneous coordinates on CP n : 

V> = r 1 (T ° + T " C + T a ° C + Tj C C ) ■ (4.19) 

Note that since Ta b is traceless, we can write To = — T a a , and thus we can regard the 
unconstrained constant tensors To", T a ° and T a @ as parameterising the set of scalars tp 
corresponding to the full set of n(n + 2) Killing vectors of CP n . 



From the scalars ifi, we can readily construct the Killing vectors using ( 3.17 ). From (4.9) 
we therefore find that the complex components of the Killing vector associated with ip are 
given by 

K a = ig^d-^ = i(T Q + Tp a C P - T ° C ~ Tp° O , (4.20) 

with K a being the complex conjugate of K a . 

As a check on this construction of the Killing vectors from the scalar eigenfunctions ip, we 
may also construct them directly, using the fact that they must correspond to infinitesimal 
SU(n + 1) transformations of the form SZ A = i e Tb A Z b on the homogeneous coordinates, 
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where Tg is again an arbitrary Hermitean traceless tensor. This translates into 6^ a = 
§Z a /Z° - Z a /(Z ) 2 5Z°, giving 

6( a = i e (T Q a + V - T ° C - Tp° ^ C) , (4.21) 

which is in precise agreement with fl4.20| ), since Killing vectors generate the coordinate 
transformations 5C, a = 2e K a . Of course we also need to know the explicit scalar functions 

for the purpose of lifting the Killing vectors to the U(l) bundle space. 

Note that CP 11 is a space of constant holomorphic sectional curvature, and in fact in 
terms of a real index notation the orthonormal components of the Riemann tensor of the 
unit CP n with metric fl4.6|) are given by 

Rabcd = &ac $bd ~ $ad he + Jac Jbd ~ J ad Jbc + 2 J a b Jed ■ (4.22) 

It is sometimes useful to work with an explicit real metric for CP n . In Appendix A, we 
obtain an iterative construction for a real metric on CP n , in terms of a metric on CP r . 

It is now straightforward to follow the procedure described in sections (3.2) and (3.3), to 
construct the U(l) bundle space over an arbitrary product of CP n metrics. Specifically, we 
take the base manifold to be M = M\ x M2 X • • • x M^v, where M, is the complex projective 
space CP ni , with real dimension di = 2rij. We shall denote the total bundle spaces by 

Ql\%:% , (4-23) 

where the integers qi are the winding numbers of the U(l) bundle over the factors CP ni in 
the base manifold. 



4.2 Killing spinors on Qni"?n N spaces 

As we discussed in section 3.3, one can always find a solution to the conditions ( |3.36| ) and 
(3.37) for any choice of the g^. A particularly simple case is when % = ki. In fact in CP ni 
there is only one 2-cycle, and the integer fej is therefore simply the result from integrating 
the first Chern class Pi/(2ir) over this cycle, which turns out to give 

h = n % + 1 . (4.24) 

In fact the Einstein spaces Qni 9 n 2 '- 9 n N with g, = (n^+l)/^ where t is the greatest common 
divisor of the (n, + 1) have a further nice feature, namely that they all admit Killing spinors. 
To show this, we note that the Killing spinor equation 




D A r]-- \ -TaV = V (4-25) 



23 



has the integrability condition 



A 



\Rabcd T CD r ] -—T AB ri = 0, 



2D 



(4.26) 



which is obtained by taking a commutator of the generalised derivatives appearing in ( 4.25 ). 
From Q4.26D one can easily deduce that the metric on the total bundle space must be 
Einstein, and furthermore that 

C A BC D r CD ri = 0, (4.27) 

where Cabcd is the Weyl tensor on the total space. 

If for every space CP ni we take qi = ki/Z, where Z = gcd(/cj), then we can use ( |3.44j ) and 
(3.45) to express the non-zero orthonormal components of the Riemann tensor on the U(l) 
bundle space as: 

A 



RaibiCidi 



R-di bidjbj 



Raiajbibj 



di + 2 
+A 



1 



di + 2 D + 2 
2A T T 



( Jen Ci Jbi di Ja,i di Jbi a + 2 J ai bi Jci dk 



RoaiObi 

where D = J2idi 



D + 2 
A 

D + 2 
A 



(4.28) 



J^bi J a.j bj > 
'^a-ibi 



(D + 2) 

2> n i is the total dimension of the base space, A is the (universal) 
cosmological constant of the CP ni , and the indices ai label the coordinates on CP ni . (We 
are using the expression (4.22) for the Riemann tensor of CP n , appropriately rescaled so 
that the cosmological constant is A.) 

From Q4.28D it follows that the non-zero components of the Weyl tensor are 

1 1 



C, 



dibi Cidi 



Caibitijbj 



Caiajbibj 



A 



di + 2 D + 2 



(SaiCi&bidi daidi^biCi + 



Jat Ci Jbi di Jcii di Jbi Ci + 2 J ai bi J^ di ) t 

2A T J 

, J dibi J aj bj j 



D + 2 

A 
D + 2 



(4.29) 



(^aibi^ajbj + Jaibi Jajbj ) • 



The integrability conditions ( [4.26 ) for the existence of Killing spinors therefore become 

r ai 6i V + Ja lCl Jbjdj rj = , (4.30) 

[D — di) (Tcubi + JciiCi Jbidi F Ci di + Ja^i Jcidi ^Cidi) V 

-(di + 2) J a . bi ]T J Cjdj T Cjd] V = 0. (4.31) 

3+i 
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One can show that ( 4.31 ) is implied by ( 4.30| ), and in fact the full set of independent 
conditions can be summarised succinctly as follows. Without loss of generality we can 
choose a basis for the CP ni spaces in which the orthonormal components of the Kahler 
forms are: 

J12 = J 34 = J 5 6 = • • • = +1 , (4.32) 

with all other components being either zero, or implied by antisymmetry from the given 
ones. The conditions ( |430| ) and flOI] ) can then be shown to be precisely equivalent to the 
conditions 

ri2 r) = r 34 7] = r 56 r\ = ■ ■ ■ T D _ ltD ^ . (4.33) 

Since D is even, and the total bundle space has dimension D + l, it follows that the spinors 
have 2 D I 2 components. There are \D— 1 equations in (|4.33| ), each of which implies a halving 
of the original number of components, and so the final conclusion is that there are always 2 
Killing spinors in these bundle spaces (real or complex, according to whether the spinors are 
Majorana or not). Special cases of this result that have appeared previously in the literature 
include the U(l) bundles over S 2 x S 2 , S 2 x S 2 x S 2 and CP 2 x S 2 . We shall in general refer 
to all the qi = k{ji Einstein spaces as "supersymmetric" spaces, although of course their 
Killing spinors are really only associated with supersymmetric compactifications in certain 
low-dimensional examples. 



5 Consistency condition for Kaluza-Klein reductions 

We saw in section 2 that in the cases of interest in supergravity reductions, a criterion for 
the consistency of the Kaluza-Klein reduction, and truncation to the massless gauge-boson 
sector, is that the Killing vectors K 1 associated with any gauge bosons that are to be 
retained must satisfy the condition that 

Y(k I ,k J ) = k Im ki + ^(v m k In )(v m kJ) = Y IJ (5.1) 

should be constant, independent of the coordinates y of the internal space. Here, m is the 
related to the cosmological constant A of the internal Einstein space by A = Dm 2 , where 
the dimension of the internal space is D + 1. 

We begin by noting that the second term in ( |5.1| ) can be re-expressed more simply by 
using the following identity: 

u{k m L m ) = k m nL m + L m nk m + 2(v m k n )(v m L n ) 

= -2Ak m L m + 2(V m k n )(V m L n ), (5.2) 



25 



for any pair of Killing vectors K m and L m , where we have made use of the fact that 
Killing vectors on an Einstein space with cosmological constant A satisfy the equation 
\3K m + AK m = 0. This allows us to express the second term in (|5.1[) in terms of K m L m : 



(V m K n )(V m L n ) = \U{K m L m ) + AK m L m . (5.3) 

Note that we just need the Laplacian □ on the base space here, since it is equal to the 
Laplacian □ in the bundle space when acting on scalars that are independent of the fibre 
coordinate z. The quantity Y(K,L) defined in ( |5.1| ), whose constancy is need for consis- 
tency, is therefore expressible as 

Y(K, L) = \{D + 2) K m L m + -E D(K m L m ) . (5.4) 

4A 



We shall refer to the criterion that Y(K,L) in (5.1) be constant as "The Consistency 
Condition" for short. 

With our results from the previous sections we are now able to test the consistency 
condition in general, for any Einstein space M that is constructed as a U{\) bundle over 
a product of complex projective base spaces. Before doing so, we shall show that for any 
sphere S n , with its standard round metric, all the SO(n + 1) Killing vectors satisfy the 
consistency condition. This is an important point not only for the discussion of Kaluza- 
Klein reductions on spheres themselves, but also we shall need to make use of this fact later 
in the section, when we examine the consistency condition in more general cases. 

One way to prove that the full set of SO{n + 1) Killing vectors on the sphere S n satisfy 
the consistency condition is by using the fact that there are always Killing spinors on the 
sphere, equal in number to the dimension of the spinors, that satisfy 

VmV A -h mT mV A = 0. (5.5) 

From any pair of these, one can construct vectors K AB = fj A r m r] B , which can easily be 
seen to satisfy the Killing vector equation. One can also show that all the Killing vectors of 
SO(n + 1) are obtained by this means. Furthermore, it follows from fl5.5| ) that S/ m K AB = 
imf] A T mn r] B . It is now relatively straightforward to show, using Fierz rearrangements, 
that the Killing vectors do indeed satisfy the consistency condition. 

There is another way of showing that the full set of Killing vectors on the sphere satisfy 
the consistency condition, which is, perhaps, a little more geometrically appealing. We can 
describe the unit sphere S n as the surface x A x A = 1 in IR n+1 , where x A are Cartesian 
coordinates in H n . The Killing vectors on S n are then given by 

Kab =x A d B - x B d A ■ (5.6) 
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If we write x A = ru A , where the u A satisfy u A u A = 1 and are coordinates on the unit S n , 
and r 2 = x A x A , then the metric on H n+1 is given by 

ds 2 (R n+1 ) = dr 2 + r 2 du A du A , (5.7) 

where du A du A is the metric on the unit S n . If we denote by qab the metric on the unit 
S n , it is clear that it is related to the fiat metric 5ab on R ra+1 by 



3 " , (5-8) 



9AB 

r 

since this gives qab dx A dx B = du A du A . An elementary calculation then shows that the 
inner product between Killing vectors Kab and Kqd given in (5.6), with respect to the 
metric gAB, is 

(K A b ■ K C d) = Sac ub u d + 5 B d ua u c - Sad u b u c - 5 B c ua u d . (5.9) 
Now, the Laplacian on IR n+1 is related to the Laplacian on the unit S n by 

U ^ = -nd-ri r ^) + 7 2Usn - (5 - 10) 
From ( |5.9|) , and x A = ru A , we shall have 

n R n+i (r 2 (K AB ■ K CD )) = 4(8 AC $bd - &ad $bc) , (5.11) 



and hence using ( 5.10 ) we obtain 



□ 5 n (K AB ■ K CD ) + 2(n + 1) (K AB ■ K CD ) = A(5 AC Sbd - Sad Sbc) ■ (5-12) 



Since the unit S n has cosmological constant (n + 1), which corresponds to m 2 = 1 in ( |5.1| ), 
we finally arrive at the result that on the unit S n 

Y(K A b,K B c) = $ac'5bd - 5ad5bc ■ (5.13) 

This shows that indeed all the SO(n + 1) Killing vectors on the sphere S n satisfy the 
consistency condition. 

We now turn to the case where the internal manifold is a general Einstein space that can 
be constructed as a U(l) bundle over a product of complex projective spaces, of the kind 
we have discussed in the previous sections. In section 3, we derived the expression ( p. 30 ) 



for a Killing vector on the bundle space, and ( 3.32j ) for its expression as a 1-form. It is now 



straightforward to calculate the inner product between any two Killing vectors, which we 
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shall need for testing the consistency condition. Let us first establish the notation that we 
shall write the £7(1) Killing vector that generates translations along the fibres as 

U=^. (5.14) 

oz 

It is easily seen that written as a 1-form, this is 

U = c 2 (dz - A) . (5.15) 

We shall use to denote a Killing vector lifted from the factor Mj in the base manifold. 
There are four different sectors to consider in the consistency condition, namely Y(U,U), 
Y(U,Ki), Y(Ki,Kj) (with i ^ j) and Y (A, . /., j (where iQ and Lj are two Killing vectors 
in the same factor Mi in the base manifold). 

Taking Y(U, £7) first we see from ( |5.14| ) and fl5.15| ) that U m U m = c 2 =constant, and 
hence from ( |5.4| ) we shall have Y(U, £7) =constant. So the £7(1) Killing vector by itself 
always satisfies the consistency condition. 

Next, consider Y(U,Ki). From ( 5.14| ) and ( |3.32| ) we have 



U m K$ =a i c 2 ^ i \ (5.16) 



and so from (5A) we obtain 



Y(U, Ki) = ^4- \(D + 2)A-D Ai] ^ ■ (5-17) 
2A L J 



Since ip^ is never constant (it satisfies d^W = — 2Aj^>W), it follows that for a Killing 
vector coming from the base to be included in a consistent truncation as well as the 
£7(1) Killing vector £7, the quantity in square brackets would have to vanish, i.e. 

d = (D + 2) A- D Ai = 0. (5.18) 

We shall not analyse this condition extensively at this stage, since as we shall see later, more 
severe inconsistency problems generally occur in other sectors. We just note, however, that 
in view of the relation fl3.40| ), consistency in this sector would require 

^djAj-DAi = 0. (5.19) 

j 

In particular, this would be satisfied if all the Aj were equal, Aj = A, since Y2j dj = D 
(this is the case for all the spaces with qi = ki/l, i.e. the ones that admit 2 Killing spinors). 
However, we shall see below that the Killing vector Ki will still run into other consistency 
problems in this case. 
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Moving on to the Y(Ki, Kj) sector, where Ki and Kj come from different factors Mj 



and Mj in the base space, we find from (|3,30| ) and (|3.32| ) that the inner product for two 
such Killing vectors is 

K™ K mj = ai aj c 2 . (5.20) 

Since the two functions t/j^' and xj)^' are assumed to live in two different factors in the base 
space here, it follows that d a ip^ d a ipV) = 0, and hence, substituting into (|5.4|) , we find 

~2 r 



Y(Ki,Kj) = [{D + 2)k-D (A, + A,)j V W V> Uj • (5.21) 

Again, since the ip^ and ifiv) functions are always non-constant, the only way for Y{Ki, Kj) 
to be constant would be if the quantity in square brackets vanished, namely 

dj = (D + 2)A-D(Ai + Aj) = 0. (5.22) 

Again, without fully analysing this condition here we may note that in the cases of principal 
interest with A& = A for all k (the "supersymmetric" cases where there are 2 Killing spinors), 
equation ( |3.40| ) now allows us to deduce that 

Cij = -DA, (5.23) 

and so the consistency condition is not satisfied. Thus we already see that we could not 
include Killing vectors from both of two factors Mj and Mj in the base space, at least in 
the supersymmetric cases where all the A^. are equal. 

The fourth sector to consider is when two Killing vectors K and L come from the same 
factor Mi in the base space. In order to avoid an unnecessary profusion of indices, we shall 
now suppress the "i" index that labels the particular factor in the product base manifold 
where the two Killing vectors are living. Thus the quantities K, L, vp, tjj, d, a, A in the 
following discussion all refer to this specific factor in the base space. 

Now, the calculation of the inner product of the gives the result 

K m L m = a 2 c 2 ^^ + d a ^d a ^, (5.24) 
where K a = J ab d^ip and L a = J ab d},ip. Substituting into Y defined in ( |5.4j ), we now find 



Y(K,L) = 

X {a 2 c 2 \(D + 2) A - 2D A] ip $ + [(D + 2) A + D (a 2 c 2 - A)] d> d a ^ 
2A 1 

+D(V a VV)(V fl V^)}. (5.25) 
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This equation can be simplified considerably, as follows. We may invoke the fact that 
if we consider the case where the base manifold has just a single factor Mj = CP n \ then 
the corresponding bundle space, with its Einstein metric, is the standard round metric 
on the sphere S 2ni+1 . Furthermore, we know that in this case all the Killing vectors on 
g2n,i+i sa ^j s fy consistency condition, as we discussed earlier. This, therefore, allows us 



to deduce that the scalars ip and tp must satisfy equations such that (5.25) is constant when 
we take just the single factor Mj in the base space. In this case we shall have D = d (the 



dimension of the single space Mj). Substituting into (5.25), we then learn that 



' A ' ^ i> + 4^ d a tp d a ip + (v a v V) (v« v 6 $ 



(5.26) 



d+ 2 r r d+2 

must be a constant, for any choice of ip and ip on Mj. This result]^ for the eigenfunctions 
ip on CP n that they satisfy the condition that ( 5.26| ) is constant for any pair of such 



eigenfunctions. can now be fed back into (5.25) in the cases that really interest us, namely 
when there is more than one factor in the product base manifold. Specifically, we can use 
(5.26) in order to eliminate the (V a V b ip)(V a 'V} } ip) terms in ( |5.25 ). Thus, we can deduce 
that consistency in this sector will be achieved only if 



Q = d a ipd a ip - (5ipip 



(5.28) 



is constant, where the constant (3 is given by 



4 ^"« 2 c 2 [2L>A-(L> + 2)A] 

4DA 

d+2 







(D + 2) A- D(o? c 2 -A) 



(5.29) 



Using ( 3.36| ) and ( |3.37| ), this can be rewritten as 

AD A 2 - 2(A - A) [2D A -(D + 2) A] (d + 2) 



P 



4L> A - {d + 2) [(D + 2) A + D(A - 2A)] 



(5.30) 



It is easiest to analyse this condition in the case where the Killing vector L is taken to 
be the same as K, since if we can show that Y (K, K) is not a constant, then that will show 
that no Killing vector from the base space can be retained in a consistent truncation. Let 



One can also prove this result directly, as follows. We know that any Killing vector K a satisfies 
V a Vb K c = R d a bc Kd- Since we have K a — J ab db ip here, and furthermore the Riemann tensor on CP n is 



given by (4.22), we can conclude, after rescaling to cosmological constant A on CP", that 

A 



V a Vb V c ij) = 



d + 2 



Jab Jed 8 d 1p + Jac Jbd 8 d 1p - 9ab d c Ip 



■ Jac dbtp — 2gbc d a tp 



(5.27) 



where d — 2n. After some simple further manipulations, the constancy of (|5.26D follows 
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us therefore just consider one scalar eigenfunction ip, with ip = ip. Thus we wish to study 
whether the quantity 

Q = d a ipd a ip-f3ip 2 (5.31) 

can be constant. If Q is constant then V a Q will be zero, and so we can follow the familiar 
strategy of integrating (V Q Q) 2 over the factor Mj = CP Ui in the product base manifold, 
where the scalar eigenfunction ip resides. If we can show that this integral is positive, then 
it will establish that Q is not constant, and hence that the gauge boson associated to the 
corresponding Killing vector cannot be retained in a consistent Kaluza-Klein reduction. 

Using integrations by parts, and the equation □ ip = —2Aip, repeatedly, we can establish 
the following results: 

/.2 |V7„/.|2 2a/ „/.4 



V a \ViP\ 2 V a (iP 2 ) = I A 2 I ip 4, - 2 I \Vtp\ 4 



jv a |W| 2 V a |Wf = l^/^-^^A/lWl 4 , (5-32) 



where |V^| 2 = V a ipV a ip and |V^| 4 = (|V^| 2 ) 2 . (We have used the relation (|5.27|) in 
obtaining the last of these three equations.) Using these results, we find that 

J \VQ\ 2 = |A (/? - A) 2 + 2(2/3 - ^| A) j |V^| 4 . (5.33) 

Using this, it is possible to show that, except for "trivial" cases that we shall discuss 
below, the quantity Q can never be constant for any of the eigenfunctions ip associated 
with the Killing vectors of the SU (n^ + 1) factors in the isometry group of the bundle 
space. We shall first discuss the "super symmetric" cases, where the winding numbers qi 
satisfy qi = ki/£, since the proof is very simple in these cases, and furthermore they are the 
examples of principal physical interest. After that, we shall present a complete analysis for 
all possible choices of winding numbers. 

As we saw in section 3, when qi = ki/l the cosmological constants of all the CP ni factors 
in the base space are equal, as are the constants a^; they are given by ( p. 44 ) and ( p. 45 ). 
Substituting these into ( 5.29| ) we find j3 = A, and so ( 5.33 ) gives 

|VQ| 2 = ^^ W. (5-34) 



(d + 2) 

The right-hand side is manifestly positive, and so the result that Q cannot be constant 
follows. 

For the general (non-supersymmetric) case with arbitrary winding numbers q^, consider 
first the situation when the factor Mj in the base space where ip resides is CP . In this 



31 



particular case, because CP 1 is the sphere S 2 , it follows that the three eigenfunctions ip 
that generate the SO(3) Killing vectors actually satisfy the equation V a V^V = — Ag a fti/>, 
and from this it follows that on CP 1 we have 



8 A 2 
3 Yi 



Substituting this into ( 5.33 ) gives 



A(/3 + A) 2 J ^ 4 



(5.35) 



(5.36) 



Thus we see that in this case it must be that Q is constant if and only if j3 = —A. It is 
easy to see from the equations (3.35), ( 3.36[ ), ( p.37| ) and ( |5.29| ) that this can happen only 
in the extreme case where the fibres in the U(l) bundle have a non-zero winding number 
only over the S 2 factor in the base space where ip resides. But in this extreme case the 
total space is simply the direct product of S 3 times the remaining CP ni factors in the 
base. Not surprisingly, since S 3 is a group manifold, it has Killing vectors for which the 
associated quantity Q will be constant. (Since any given Killing vector is associated with 
a left-translation or right-translation under SU{2).) Aside from this extreme case, which is 
certainly not the one of interest to us in this paper, we see that Q can never be constant. 

Next, consider the case where the eigenfunction if) lives in a CP 2 factor in the base space. 
It is necessary, again, to determine the relation between J (V'f/'l 4 and J ip 4 . Clearly this will 
be of the form 



|W| 4 = cA 2 U\ 



(5.37) 



where c is a pure (dimensionless) number. It is evident from the expressions(4.18) or ( [1. 19 ) 
for if) that the two integrals on CP 2 must be expressible in terms of S'C/(3)-invariant quartic 
polynomials built from the traceless Hermitean tensor Ta b ■ Since there is no independent 
fourth-order Casimir for SU(3), it must be that both integrals in (5.37) for CP 2 are pure 
numbers times (Ta b Tb A ) 2 , the numbers being independent of the choice of Ta b ■ Thus 



the constant c can be determined by evaluating the two sides of (5.37) for any convenient 



choice of eigenfunction if). From ( 4.1 9| ) , a simple choice is to take the if) corresponding to 
TqP = 6@, which implies Tq° = —2, with all other components of Ta b zero. This gives 



^ = l-3/- 1 , 



(5.38) 



where / is given in ( [4.2[ ). It is easy to substitute this into ( 5. 37] ), leading to the result that 

c = 2. (5.39) 
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Finally, using this result in ( |5.33 ), with n = ^d, we arrive at the following: 



|VQp 



3 7i 



(/3 + iA) 2 + iA 2 



(5.40) 



which shows that Q can never be constant in this case. 

Finally, we can consider the general case where ip lives in a CP n factor in the base space. 
Now the calculation is a little more involved, since the ratio of / V^| 4 to / ip 4 " depends on 
the specific choice of eigenfunction ip, when n > 3. In order to achieve the best chance of 
having / VQ\ 2 be zero, one wants the ratio of / |VV>| 4 to / \ip\ 4 to be as large as possible, 
since then the (possibly negative) second term on the right-hand side of ( |5.33| ) has the best 
chance to outweigh the always-positive contribution from the first term on the right-hand 
side. In the Appendix we present some calculations that provide a determination of the 
largest value of this ratio; see (B.17) and (B.18). Thus from ( |5.33 ) we find that when n is 
odd, we shall have 



|VQ| 2 >|A(/3 + -^ T N ) 2 / r>. 



whilst when n is even we instead find 



|VQ| 2 >|A[(/5 + 



2nA 



n + 1 



+ 



4(n + 2) 



(5.41) 



(5.42) 



n 2 + n + 2/ (n 2 + n + 2) 2 - 

From these results we see that Q can never be constant when n is even. When n is odd 
instead, we see that Q can be constant if and only if 

2A 



n + 1 



Now from ( 3.36| ) and ( |3 .37 ) it immediately follows that if we define x = A/ A, then 

d 



d 



< x < 1 . 



(5.43) 



(5.44) 



The lower limit is saturated if the £7(1) fibres wind only over the chosen CP n factor in the 
base space, whilst the upper limit is saturated if instead the £7(1) fibres have zero winding 
number over the chosen CP n factor. Using ( |5.30| ), we find that 



13 + 



4A 
d + 2 



A- 



2{D + 2){d + 2) 2 x 2 + 2(d + 2) (3D d + 8D + 2d) x - 4dD (d + 4) 



(5.45) 



(d + 2)[(D - 2)(d + 2) x - D (d - 2)] 

The denominator is positive for all x in the interval ( |5.44j ), and the numerator has no 
extremum in this interval. It then follows that we shall have 



4A 
d + 2 



(5.46) 
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with equality being achieved only if x = d/(d + 2). Since d = 2n, we conclude from this and 



( 5.43 ) that Q can be constant only in the extreme case where the £7(1) fibres wind purely 
over the CP n factor in the base space in which the eigenfunction ip resides. 

The reason for the occurrence of these exceptional cases where Q can be constant is the 
following. When n is odd, say n = 2q + 1, and the fibres wind only over the CP 2q+l factor 
in the base manifold, the total space is the direct product of 5 4g+3 with the other CP ni 
factors in the base space. Now the sphere 5 4<?+3 can be described as an SU(2) bundle over 
the quaternionic projective space HP q . Consequently, an 5£7(2) subgroup of the 50(4g + 4) 
isometry group of the sphere corresponds to left translations by SU{2) on the SU(2) fibres, 
and therefore the associated SU(2) Killing vectors K 1 will necessarily have the property 
that K 1 ■ K J =constant, and so they will be associated with eigenfunctions ifi on CP 2q+1 
that satisfy the condition Q =constant. It is these Killing vectors that are being "detected" 



by the saturation of the bound (5.41) 



These exceptional cases are higher-dimensional generalisations of the exception arising 
for n = 1, with the fibres winding only over the CP 1 factor to give 5 3 , which we discussed 
previously. Again they are "trivial," from the point of view of our analysis of compactifica- 
tions, since we are not particularly interested in cases where the internal space is a direct 
product of a sphere 5 4<?+3 with a Kahler space. Nonetheless, it is reassuring to find that 
our rather intricate general analysis has indeed, as it should, detected these slightly obscure 
exceptions to the general rule. 

With these results, we have proved that the non-abelian Killing vectors on the £7(1) 
bundle spaces over any product of CP ni factors in the base space will never satisfy the 
consistency requirement that Y IJ in ( |5.l| ) is a constant .0 This means that the associated 
Kaluza-Klein Yang-Mills fields associated with the non-abelian part of the symmetry group 
cannot be consistently retained in a massless truncation. In particular, this proves that 
of the £7(1) x 5£7(2) x 577(2) Yang-Mills fields in the Q(l, 1) compactification of the type 
IIB theory to D = 5, the 577(2) x 5£7(2) fields cannot be retained in a consistent massless 
truncation. 



9 Except in the previously-discussed trivial cases of 677(2) Killing vectors in the S 9+3 factors in a bundle 
space where the fibres wind only over a CP 2q+1 base -space factor. 



34 



6 Conclusions 



In this paper, we have studied a necessary condition for the occurrence of a consistent 
Kaluza-Klein reduction on an internal Einstein manifold, in which all the Yang-Mills fields 
associated with the isometry group of the compactifying space are retained in a massless 
truncation. This condition, that the quantitiy Y IJ defined in ( |5.ip should be constant, is 
of rather general relevance in all the known non-trivial consistent Kaluza-Klein reductions. 
In particular, this consistency criterion is satsified by all the Killing vectors on a sphere, of 
arbitrary dimension. Our principal goal in this paper has been to show that the consistency 
criterion is never satisfied by the non-abelian SU(rii + 1) Killing vectors in the isometry 
groups of the spaces Qni-»n N , which are defined as U(l) bundles over the product Jli CP ni 
of complex-projective spaces CP ni , with winding numbers qi. In particular, this shows 
that space Q\\ (sometimes known as T 11 ), the U(l) bundle over S 2 x S 2 , does not allow 
a consistent Kaluza-Klein reduction of type IIB supergravity in which the non-abelian 
Yang-Mills fields of its SU{2) x SU(2) x U(l) isometry group are retained in a massless 
truncation. Likewise, the compactifications of D = 11 supergravity on the U(l) bundles over 
S 2 x S 2 x S 2 and over CP 2 x S 2 do not allow the retention of the corresponding non-abelian 
Yang- Mills fields in massless truncations. These facts will be of relevance in the AdS/CFT 



correspondence [34, 35, 36], where it should turn out that certain correlation functions 
involving products of single massive operators with massless ones will correspondingly be 
non-zero in these cases (see, for example, [p2| ). 

We have set our proof of the inconsistency of the full massless truncations in these cases 
in a more general context, in which we show in general that the non-abelian Killing vectors 
on the bundle spaces Qni-' q n N do not satisfy the consistency criterion that all Killing vectors 
on all spheres satisfy. In order to show this, we have made a detailed analysis that should 
also be of more general utility. In particular, we studied the lifting of Killing vectors from 
an arbitrary base manifold to a U{\) bundle over the base, and then we specialised to the 
case where the base is a Kahler -Einstein space, or a product of Kahler -Einstein spaces. In 
such cases, more complete results can be obtained, based on the fact that any Killing vector 
in the base can be expressed in terms of a certain eigenfunction of the scalar Laplacian. 

We then turned to the cases of principal interest, where the base space is the product 
of complex projective spaces CP ni . We made a study of the Fubini-Study metrics, and in 
an appendix we obtained a rather useful iterative construction for real metrics on CP n . 
We showed that all of the bundle spaces (JnY-.-rijv can be given Einstein metrics, provided 
only that all the winding numbers % do not vanish. We also showed that in the special 
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case where qi = (n* + l)/£, where £ is the greatest common divisor of the (rij + 1), the 
Einstein spaces all admit two Killing spinors. These cases, for Q\\, Qua and Q|i 5 are the 
ones of principal interest in the context of supergravity compactifications, since they imply 
the existence of unbroken supersymmetries. 

We showed also that the question of whether the non-abelian Killing vectors of the 
U(l) x JTj SU(n\ + 1) isometry group of Qni- q n N satisfy the consistency criterion in ( |5.1|) 
can be reduced to the question of whether the scalar eigenfunctions on CP n that are related 
to its Killing vectors satisfy certain integral bounds. We studied these bounds in detail, 
and used these to obtain our proofs of the inconsistency of the Kaluza-Klein reductions. 
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Appendices 



A An iterative construction of CP n 

On occasion, it is helpful to have a real expression for the Fubini-Study metric on CP n 
available. This is easily done for low-dimensional examples by making specific adapted 



coordinate choices (see, for example, [33] for an explicit real metric on CP 2 ). In general, we 
can give an elegant iterative construction for the metric on CP n in terms of the metric on 
CP n ~ x . 

We take as our starting point the standard Fubini-Study metric (|4.6| ) on CP n , and write 
the inhomogeneous coordinates Q a as 

C Q = tanftt a , with u a u & = l. (A.l) 

With this coordinate redefinition the CP n metric ( |4.6| ) becomes 

d£ 2 = df + sin 2 f du a du" - sin 4 £ \u a du a \ 2 . (A.2) 

Noting that the n quantities u a are themselves complex coordinates on C n , subject to the 
constraint u a u a = 1, we can follow the same strategy as in the original CP n construction, 
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by introducing (n — 1) inhomogeneous coordinates v t ', with 1 < z < n — 1, denned by 

= - , (A-3) 

where u n here denotes the n'th of the coordinates u a . In addition, we define 

u n = \u n \e if . (A.4) 

After a little calculation, we see that the metric Q4.6| ) on CP n now takes the form 

d£ 2 = df + sin 2 £ cos 2 £ (df + I?) 2 + sin 2 f dS 2 _ x , (A.5) 

where c?S 2 _ 1 is the Fubini-Study metric on the unit CP n ~ , and B is a potential for the 
Kahler form of CP™" 1 : 

dT? n _! = /- 1 du* d^ - /- 2 |u* d^| 2 , / = 1 + V 5 

5 = | i /- 1 (t;* di^ — t?* rfw*) . (A.6) 

Thus QA.5| ) gives us an iterative construction of the Fubini-Study metric on the unit CP n in 
terms of the Fubini-Study metric on the unit CP n ~ . (In fact the metric in CP 2 obtained 
in [33] is precisely of this form, with the metric on CP 1 being the standard metric on the 



2-sphere.) Note that the potential B for CP n , appearing in (4.8), is given in terms of the 
analogous potential B for CP™" 1 by 

B = sin 2 f (df + B) . (A.7) 



The function / appearing in (4.2) is given by 

/ = sec 2 £. (A.8) 

B Inequalities on CP n 

In section 5, we show that the gauge boson associated with any Killing vector on a factor 
CP n in the base manifold whose associated scalar harmonic tp has a Q, as defined in ( [5.31 ), 



that is non-constant, cannot be retained in a consistent massless Kaluza-Klein reduction. In 
this appendix we derive some inequalities involving the integrals / ip 4 and / | V^| 4 appearing 
in ( 5.33| ), which are used in the calculations in section 5. 



In terms of the construction ([4.18| ) or ( 4.19| ) for the eigenfunctions ■0, it is clear that the 



integrals / ip 4 and / |VV>| 4 must necessarily give rise to quartic SU(n + 1) invariants built 
from the traceless Hermitean tensor Ta b ■ If we define 



h = T A B T B A , h = T A B T B C T C D T D A , (B.l) 
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it follows therefore that on CP n we must have 

Jifj 4 = a(I 2 ) 2 + bh, J\Vi;\ 4 = a(I 2 ) 2 + bh, (B.2) 

for pure numbers a, b, a and b that are dependent only on the value of n. In order to 
determine these constants, it suffices to consider just two special cases of eigenfunctions ij) 
that have different values for the ratio Ii/(I 2 ) 2 - 

A convenient choice for the two eigenfunctions ip\ and ip 2 is as follows. For ipi, we take 
ToP = 5@, Tq° = —n, with all other components of Tab vanishing. For ip 2 , we take instead 
T n ° = Tq 1 = with all other components vanishing. (Here "n" indicates that a takes the 
value a = n.) For these two special cases the invariants I 2 and I4 are given by: 

t/>i : I 2 = n(n + 1) , I 4 = n(n 3 + 1) , 

V> 2 : h = h h = \- (B.3) 

Thus when n > 2, we see that Ii/(I 2 ) 2 is different for the two eigenfunctions, and so by 
evaluating the integrals in (|B.2j ), we shall be able to determine a, b, a and b. 

In order to evaluate the integrals, it is convenient to make use of the iterative con- 
struction of CP n metrics that we obtained in Appendix A. Specifically, we iterate twice, to 
give 

dT? n = df + sin 2 f cos 2 f (df + B) 2 + sin 2 £ (d\ 2 + sin 2 A cos 2 A {dz + C) 2 + sin 2 A (i£ 2 _ 2 ) . 

(B.4) 

(Our notation should be self-evident, by comparing with the construction in Appendix A.) 
The two eigenfunctions ip\ and ip 2 can then be seen to be given by 

ipi = 1 — (n + 1) cos 2 £ , il) 2 = sin £ cos ^ cos A cos f . (B.5) 

Other relevant points are that the determinant of the metric (|B.4| ) is given by 

Jg- n = (sin 2n-1 cos £ (sin A) 2n ~ 3 cos A ^T 2 , (B.6) 

where g n -2 is the determinant of the metric (f£ 2 „ 2 on CP n ~ 2 . Furthermore, the relevant 
components of the inverse metric are given by 



-1 aa 1 ff sec 2 g + tan 2 A 

3 - 1 , 9 = —^27 , 9 = r-27 • (B.7) 

sm £ sin £ 

For functions <f> of £, A and f only, we have 



lW,l 2 -f^ 2 + 1 f^ 2 sec 2 g + tan 2 A ( d<j>^ 

m -KE& (ox) + — sTn^ — Kdf) ■ (B ' 8) 
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As a final preliminary, we note from (|4.4j ) that since the unit sphere S 2n+1 has volume 
f^2n+i = 27r n+1 /r(n + 1), it follows that the unit CP n has volume S ra given by 



7T 



(B.9) 



'* T(n + 1) 

It is now straightforward to evaluate all the necessary integrals, and thus to determine 
the constants a, b, a and b appearing in (|B.2| ). We find that for the unit CP™, with n > 2, 
we shall have 

Sit 11 - 1 



IWI 4 



2T(n + 5) 

r n-l 



57T 



(ra 2 + 5n + 7) (/ 2 ) 2 + (n + l)(n + 2) I 4 



(B.IO) 



T(n + 5) 

For the discussion in section 5, it turns out that we need to know the largest possible 



value that the ratio (/ |Vt/>| 4 )/(/ i/j 4 ) can attain. It is easy to see from ( B.IO ) that this will 
occur for a tensor Ta b that gives the smallest possible value of Ii/{l2) 2 - To determine this 
value, let the (real) eigenvalues of Ta b be Xa- Tracelessness implies that J2a = 0. If we 
solve for the eigenvalue Aq in terms of the X a for 1 < a < n, we shall therefore have 



' 2 = E A ' + (E A C 



'4 = E A « + (E A «) 4 < 



(B.ll) 



and so the ratio R = 1^1 {I2) 2 is extremised when the X a satisfy 

A^/ 2 -A Q / 4 + (E A /3 ) 3 / 2 -E A /3 / 4 = 0. 



(B.12) 



If we suppose that two of the extremising eigenvalues, say A Q and A3, are unequal, then 



by subtracting their equations ( B.12 ) we find that 



A 2 + A Q A3 + Xa — — 
12 



(B.13) 



If a third eigenvalue, say A 7 , is unequal to both A Q and A3, then by subtractions we can see 
that 

A Q + A3 + A 7 = 0. (B.14) 

Finally, if we suppose that a fourth eigenvalue A<5 is unequal to all of the previous three, 
then by subtractions we arrive at the contradiction that X$ = X a . Therefore any set of X a 
that extremises the ratio R can involve at most three different values. 

It now becomes rather straightforward to find the extrema, and in particular, to identify 
the global minima. There are two distinct cases, depending upon whether n is even or odd. 
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We find that the minimum is achieved for 



n = 2q + 1 : A = Ai = • • • = X q = A , X q+ i = X q+2 = ■■■ = X 2q+ i = -X , (B.15) 

n + 2 

n = 2q : Ao = Ai = • • • = X q = X , A g+ i = X q+ 2 = • • • = A2,j = — A . 

(Of course in each case there are symmetry-related minima corresponding to permuting the 
eigenvalues. The minimisation occurs when the set of eigenvalues Aj divides into two subsets 
that are as nearly as possible equal in size, within each of which all eigenvalues are equal. 
This 50/50 partitioning is exact only if n is odd, since the total number of eigenvalues A.; is 
then even.) Thus we find that the following inequalities hold: 

n = 2q + 1 : -| > 



l\ ~ n + 1 ' 

n = 2q: -4 > rr r- B.16 

H If - n (n + l)(n + 2 v ; 



Substituting into ( B.10| ), and reinstating the cosmological constant A by the appropriate 



constant rescaling, we then find that 

|VV| 4 <c max / V 4 , (B.17) 



with 

4(n + 3) A 2 



n = 2q + 1 : 



3(n + l) 



4(n + l)(n + 2)A 2 

These inequalities are used in section 5. 
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